ABSTRACT. Guided wave based structural health monitoring systems are sensitive to environmental and operational conditions. This leads to false-positive results for most conventional detection methods. In this paper, we investigate the capabilities of the Mellin transform for detecting damage under variable environmental conditions. The Mellin transform is chosen due to its invariance to scaling operations and robustness to wave velocity. From experimental results, we demonstrate that the Mellin transform features can detect a mass on a steel pipe under variable internal pressure with an overall average accuracy of 94.00% while equivalent Fourier transform features detect the mass with only a 67.00% accuracy.
INTRODUCTION
Structural health monitoring systems are designed to periodically and automatically evaluate large infrastructures for damage and defects. To accomplish this task, guided waves are often used because they can travel large distances with little attenuation and are sensitive to structural variations, such as those arising from damage or defects. The disadvantage of using guided waves is that they travel through complex propagation environments with significant multi-modal, dispersive, and multi-path effects [1] and are sensitive to many benign environmental and operational conditions [2] . To compensate for the complex propagation environments, raw signals are compared with a baseline signal, for which no damage is assumed present [3] . However, changes in environmental or operational conditions may cause these comparison techniques to incorrectly classify the result. For this reason, it is necessary to achieve robustness to these effects.
Many environmental changes, such as from temperature [4] or applied stress [5, 6] , have a direct effect on the material properties of the structure under test that are often related to the propagation speed of a wave in that medium. Due to the complex, multimodal, dispersive, and multi-path behavior of guided waves, these variations in velocity are often best modeled as a uniform time-scaling or time-stretching effect on the received signal [7, 8] . It is important to note, however, that this is only an approximation. Different modes often do not vary at the same rates [3, 9] , and dispersion and the band-limiting effects of ultrasonic transducers reduce the effectiveness of this model [10] . However, this model has been experimentally demonstrated to be accurate for sufficiently small changes in velocity [8] .
In this paper, we expand on previous experimental and machine learning work presented in [11] to detect damage under variable environmental conditions, but focus on the use of a different, smaller set of features extracted from the Mellin transform [12] . The Mellin transform is examined due to its unique relationship with the time-scaling properties of a signal, which we will further discuss in the next section. Using support vector machines, a machine learning algorithm, with experimental data, we demonstrate the effectiveness of these Mellin transform features for detecting a mass, simulating damage, on a steel pipe with varying internal pressure.
EXPERIMENTAL METHODOLOGY
In our experiment, we use a synchronized pair of lead zirconate titanate (PZT) ultrasonic sensors to generate guided waves inside of a pressurized, steel pipe. We use a National Instruments PXI data acquisition device to excite a wideband 200 to 400 kHz sinc pulse from one PZT and measure the resulting ultrasonic waves from the other PZT. A wideband excitation is used to reduce the "frequency noise" [10] , which contributes to errors in our scale-based model.
Data was taken in two collections, thirty-five days apart. Collection 1 consists of 240 guided waves measurements and collection 2 consists of 360 measurements. Each set of 40 measurements was taken using the following steps. First, the steel pipe was pressurized to approximately 110 psi with compressed air. The pipe valve was then opened slightly to allow air to leak out over time. During this process, 20 guided wave signals were transmitted and recorded. This entire procedure was then repeated with a mass on top of the pipe. Each data record was measured for 10 ms with a sampling rate of 1 MHz. As with other environmental effects, the application of stress on a structure, such as that caused by the internal pressure of the pipe, is known to vary the wave velocities [5, 6] . Therefore, using our scale-based model, we assume variations in internal pressure to result in approximate variations in time-scale of the measured guided wave signals. Figure 1 illustrates three different signals under different experimental conditions. Figure 1a is a baseline signal, taken without a mass on the pipe. Figure 1b was taken after a drop in the pipe's internal pressure. Figure 1c was taken at a different pressure level, closer to the baseline, but with the mass placed on the pipe. By visual inspection and standard comparison metrics, the three signals are very similar. The Pearson productmoment correlation coefficient between the baseline and the other two signals is 0.963 and 0.992, respectively. These metrics indicate that the changes in pressure have a much larger affect on the signal than does the introduction of the mass and illustrates the necessity to develop metrics robust to these environmental effects.
THE MELLIN TRANSFORM
The Mellin transform is an integral transform which can be used to analyze the scaling behavior of a signal and is closely related to the Fourier transform. In this paper, we discuss the continuous-time Mellin transform and its relationship with time-scale. Reference [13] discusses computation of the discrete-time Mellin transform and the Fast Mellin transform algorithm.
The Mellin transform of a signal x(t) and its inverse is defined, as used in engineering applications, by [14] M {x (t)} = X (c) =
The Mellin transform is closely related to the Fourier transform by a change of variables. By performing a substitution such that t = e τ , the Mellin transform becomes
Therefore, the Mellin transform is also defined as the Fourier transform of an exponentially skewed signal. Alternatively, if we let the time-skewed signal x(e t ) = x(t), then x(t) = x(ln(t)). Using that substitution, the Mellin transform can also be expressed by
This implies that, if we perform a uniform time-scaling effect on the original signal x(t), then its Mellin transform is expressed as
This highlights an important property of the Mellin transform: the Mellin transform treats time-scaling as the Fourier transform treats time-shifting. Throughout this paper, we exploit this property to derive scale-invariant descriptors between two signals.
MELLIN TRANSFORM FEATURES
In this section, we derive five Mellin transform related features used to detect a mass in our experiment. Four of these expressions are scale-invariant descriptors between two signals. The fifth feature estimates the time-scale effect between the signals and is used to improve the reliability of the other features.
Mellin Magnitude Correlation Coefficient
Analogous to Fourier transform and its relationship with time-shifting, a time-scale of α on the time-domain signal x(t) translates to a phase shift in the Mellin domain,
Therefore, if we take the magnitude of this quantity, we see that it is invariant to the uniform scaling effect α, Figure 2 shows an example segment of the magnitude of the Mellin transform of the baseline signal shown in Fig. 1 . Using the Pearson product-moment correlation coefficient, we can compare the magnitude of the Mellin transforms of two signals. This feature, the Mellin magnitude correlation coefficient, is defined as
where the mean and standard deviations are defined by
Mean and Variance of the Mellin Magnitude
Although the correlation between two Mellin magnitudes expresses a scale-invariant relationship between a baseline and the measured signal, other properties of the Mellin magnitude may better characterize the introduction of damage. For example, if we assume the positive half of the magnitude of the Mellin domain to a be a probability distribution, then the mean and variance of that distribution should not change with variations in scale. However, they may be sensitive to other changes, such as those caused by a mass or damage. In the Fourier domain, the mean and variance values may represent the signal's center frequency and bandwidth. The mean and variance are respectively defined as
Maximum Value and Argument of the Mellin Cross-Correlation
We can also define a cross-correlation operation using the Mellin transform. As with the Fourier transform, in which the inverse Fourier transform of the multiplication of one frequency domain signal with the complex conjugate of another can be expressed as the standard cross-correlation function of the two time-domain signals, we can define a crosscorrelation expression commonly known as the Mellin cross-correlation or Mellin-type correlation [14] . The Mellin cross-correlation function of two signals x(t) and s(t) is defined by the integral expression
where the overbar represents a complex conjugate operation. When using the Fourier cross-correlation function, the maximum value is invariant to shifts and its argument is an estimate of the shift between two signals. Analogously, the maximum of the Mellin cross-correlation function is invariant to uniform time-scaling [14] , and its argument is an estimate of the time-scale between two signal [15] . We define these two features as
Unlike the Mellin magnitude methods mentioned previously, the maximum of the Mellin cross-correlation is only scale-invariant in continuous time. In discrete time, the method is limited by the sampling resolution of the signal [16] . However, this resolution may be improved at the cost of performance by exponentially resampling the data at a high rate. This method may be potentially more informative because it retains phase information. Since the argument of the maximization is not a scale-invariant feature, but an estimate of scale, it is a poor discriminator for damage. However, as we will show in our results, it can be extremely useful when paired with other features.
EXPERIMENTAL RESULTS
In this section, we show the results of our damage detection using the machine learning classification algorithm known as support vector machines (SVM). SVM is a linear maximum margin classifier, which means that, given training data, it determines a multidimensional line or curve, determined through the application of a particular kernel function, which maximizes the distance between two classes [17] . In our results, we use the Gaussian radial basis function kernel [18] . Before running SVM, we divide the measured data into two categories: training data and testing data. The training data is further divided into data without a mass and data with a mass. SVM uses the training data to then classify each measurement in the testing data. Since our data consists of two collections, taken 35 days apart, we train and test with each collection independently and mixed together. This results in four different testing sets. For each testing set, we also test many different combinations of training and testing data for cross-validation of our results.
To process the data, we supply SVM with a series of features that describe it. In our analysis, we use the five features described in the previous section as well as the standard Pearson product-moment correlation coefficient. To serve as a control and to demonstrate the validity of the uniform scaling model, we also use SVM with the Pearson productmoment correlation coefficient and five equivalent Fourier domain features. The Fourier domain features are equivalent to the Mellin domain features described in the previous section, except with each Mellin transform replaced with the Fourier transform. Figure 3 shows two examples of feature spaces using the Mellin and Fourier transform features from our first collection of data. Figure 3a illustrates that the feature space consisting of the mean of the Mellin magnitude and of the argument of the Mellin crosscorrelation separates the two classes almost perfectly. The two equivalent features in the Fourier domain, shown in Fig. 3b , provide poor separation between the classes. Table I displays the average accuracy for every collection pair of testing and training data. The accuracies for each individual feature as well as for each individual feature paired with the respective argument of the maximum cross-correlation feature are shown. In almost every situation, the Mellin domain features outperform the Fourier domain features. When evaluating each feature individually, the mean and variance of the Mellin transform magnitude provides the greatest discrimination between classes, achieving overall average accuracies of 86.11% and 87.11% respectively. When using all of the features, the Mellin 
CONCLUSIONS
In this paper, we have discussed five features, derived from the Mellin transform, that may be useful in detecting damage for structural health monitoring applications. These features are useful because of their relationship with the scaling effects on signals, which often reflect changes in the propagation velocity of the material under test and changes in environmental and operational conditions.
In a series of experiments, we simulated damage by introducing a mass scatterer on a steel pipe as we allowed the internal pressure of the pipe to vary. After extracting a set of Mellin domain and equivalent Fourier domain features from the measurements, we applied the support vector machines algorithm to determine when the mass was placed on the pipe. Using the Mellin domain features, we achieved an overall average accuracy of 94.00% while the Fourier domain features achieved an average accuracy of 67.00%. These results validate the applicability of scale invariant measures and demonstrate the Mellin transform to be a potentially useful tool achieving robustness to environmental effects. Although we only investigate five features, there are potentially many other informative features that may be derived from the Mellin transform.
